Quantum networks distributed over distances greater than a few kilometers will be limited by the time required for information to propagate between nodes. We analyze protocols that are able to circumvent this bottleneck by employing multi-qubit nodes and multiplexing. For each protocol, we investigate the key network parameters that determine its performance. We model achievable entangling rates based on the anticipated near-term performance of nitrogen-vacancy centres and other promising network platforms. This analysis allows us to compare the potential of the proposed multiplexed protocols in different regimes. Moreover, by identifying the gains that may be achieved by improving particular network parameters, our analysis suggests the most promising avenues for research and development of prototype quantum networks.
Recent progress in the generation, manipulation, and storage of distant entangled quantum states has opened up an avenue to the construction of a quantum network over metropolitan-scale distances in the near future [1, 2] . One of the key challenges in realizing such quantum networks will be to overcome the communications bottleneck induced by the long distances separating nodes. This occurs because probabilistic protocols require two-way communication and, for such distances, the entanglement generation rate becomes limited by the time required for quantum and classical signals to propagate.
It is unlikely that quantum networks will attain sufficient levels of complexity in the near future to support the transmission of complex multi-photon entangled states necessary to overcome this bottleneck through error correction [3, 4] . This motivates the development of alternative methods to circumventing this limited communication rate, of which the most promising near-term approach is through multiplexing entanglement generation [5] [6] [7] [8] [9] [10] .
Previous proposals have developed multiplexed entanglement-generation protocols for networks based on atomic-ensemble quantum memories and linear optics [6, 9, 11] and for networks in which each node consists of many optically accessible qubits that can be temporally, spectrally or spatially multiplexed [5, 7, 8, 10] . However, these proposals are not effective for promising multi-qubit hybrid network node architectures [12] , in which one (or a few) optically accessible communication qubits in each node provide a communication bus to interface with multiple local memory qubits. Several platforms have demonstrated the key elements of such a system, including nitrogen-vacancy (NV) centres in diamond [13, 14] , trapped ions [2] , and quantum dots [14, 15] .
Here we focus on the scenario of efficiently generating heralded remote entanglement between two hybrid multi-qubit nodes separated by tens of kilometers in a quantum network (Fig. 1) . We propose two strategies for multiplexing entanglement generation using multi-qubit architectures, identifying the scaling of the entangling rates with the distance between nodes. We compare these strategies to an alternative protocol based on the distribution of entangled photon-pairs [16] , modelling all three protocols analytically and with Monte Carlo simulations. This allows us to identify optimal protocols for different regimes of distance and node performance. In order to be able to effectively assess the potential of these network protocols, it is vital to incorporate the known and anticipated limitations of potential platforms from the start. In this paper we therefore use network parameters representing the expected near-term perforarXiv:1702.04885v2 [quant-ph] 16 Aug 2017 mance of NV centre nodes. These centres are promising nodes for such a network, combining a robust and longlived 13 C nuclear-spin quantum register [17, 18] with a photonic interface (Fig. 1) . Our conclusions are nonetheless broadly applicable to other platforms with comparable system performances, particularly including trapped ions [2] .
I. QUANTUM NETWORK PROTOCOLS
We begin by briefly introducing the three candidate protocols that we consider for a metropolitan-scale quantum network. For each network, we identify the scaling of the entanglement generation rate with the system transmission efficiency and the distance between nodes.
A. Multiplexed Barrett-Kok protocol
The first scheme is a multiplexed version of the Barrett-Kok (BK) protocol. In this scheme, entanglement is generated at both nodes locally between the spin state of the communication qubit and the modal occupation of a single photon (typically the photonic state is time-bin encoded for NVs). This procedure constitutes a single attempt to generate remote entanglement. The two photons are then transmitted to a remote beam splitter, where a probabilistic joint Bell state measurement (BSM) on the photons projects the two distant communication qubits into an entangled state upon measurement of the appropriate outcomes [19] .
In this protocol each photon needs to be transmitted over a distance d/2 from the nodes to the central BSM station. This is followed by the transmission of classical information over the same d/2 distance heralding to the nodes the success or failure of the entangling attempt. Hence in the standard BK protocol, the entanglement attempt rate r BK is limited by the combined quantum and classical communication time (t c = d/c) required to establish whether the protocol succeeded: r BK ∼ t This rate limitation can be mitigated by using a multiplexed version of the BK protocol (Fig. 2) , in which the spin state of the communication qubit is swapped to a memory qubit directly after spin-photon entanglement generation, freeing up the communication qubit for additional entanglement generation attempts. For the NV system, naturally occuring nearby 13 C nuclear spins provide robust memory qubits [18, 20] . The state is stored in this memory qubit until information about the success of the attempt arrives. In the meantime, spin-photon entanglement generation and subsequent state swapping to other memories can continue until all of the memories are occupied. The multiplexed protocol allows N qubits per node to be utilised, where N includes both the communication qubit and the memory qubits. . The state of the communication qubits is then immediately transferred to the memory qubits (step 2), which allows for a second entanglement attempt before the result of the first one is known (step 3). Once the signal heralding success or failure of the attempt is received at the nodes, the occupied memories can be reused for new attempts (step 4).
The maximum number of qubits per node that can be usefully employed in this protocol is given by N max = t c /t sg [21] where t sg is the duration of the swap gate (typically much longer than the duration of entanglement generation attempts t eg ). The attempt rate of the multiplexed Barrett-Kok (mBK) protocol is therefore a factor N larger than for the standard BK scheme:
The success of each attempt of the BK scheme is conditioned on the detection of both the photons emitted by the communication qubits in the BSM. As a result, the system transmission efficiency η appears quadratically in the entanglement success rate R mBK . Hence for N ≤ N max :
The factor of half corresponds to the probability of a successful BSM at the beam splitter.
B. Multiplexed Extreme-Photon-Loss Protocol
In the case of high levels of photon loss (η 1), a protocol based on entanglement distillation can be more effective than the BK protocol. In this protocol, instead of directly trying to generate a maximally entangled state |Ψ = (1/ √ 2)(|01 +|10 ), two weakly entangled states of the form ρ ≈ 1 2 |Ψ Ψ| + 1 2 |00 00| are efficiently generated conditional on the detection of only a single photon at the beam splitter station [12, 22] . Here |0 (|1 ) denotes the state of the communication qubit from which a photon is (is not) emitted. These weakly entangled states contain a contribution |00 00| from the case in which both communication qubits emitted a photon, but only one was detected. After the two states are successfully generated, an entanglement distillation procedure is performed using local operations and classical communication. This distillation produces a pure entangled state with a 1/8 probability. Since two raw states are consumed to generate a final entangled state, this extremephoton-loss (EPL) protocol requires at least two qubits per node, as the first state has to be stored in a memory qubit until the second entangled state is generated.
The advantage of this scheme over the BK protocol is that it does not require the detection of coincident photons, instead allowing for multiple attempts to generate the second state. This results in a success probability that is proportional to η rather than η 2 and thus an entangling rate R EPL ∼ η/(16t c ), where a factor 1/8 corresponds to the probability that the distillation operation succeeds, and a factor 1/2 reflects the need to generate two entangled states.
Analogously to the BK protocol, a multiplexed version of the scheme can be envisioned in which multiple entanglement generation attempts are performed within one communication cycle. Since, in the second stage of the protocol one memory is continuously occupied by the first entangled state, the maximum number of qubits that can be effectively utilised is one more than in the BK protocol: N max = t c /t sg + 1. The resulting entanglement success rate R mEPL for the multiplexed extreme-photonloss protocol for N ≤ N max is proportional to the inverse of the sum of the time spent in the first stage (t c /(ηN )) and second stage (t c /(η (N − 1) )) of the protocol:
The entangled state fidelity in this protocol is sensitive to decoherence of the memories during entanglement attempts. In order to ensure a minimum fidelity, stored entangled states can be discarded after a set number of subsequent entanglement attempts, at the expense of decreasing the entanglement rate. Entanglement generated from a single photon detection event is expected to succeed within at most a few hundred attempts (∼100 attempts at 50 km, ∼1000 attempts at 100 km) for the range of parameters considered here. For nitrogenvacancy centre nodes, recent results indicate that 13 C nuclear-spin memories may effectively preserve quantum states over this number of attempts [18] , and so this effect is not expected to significantly impact our conclusions.
C. Midpoint-Source Protocol
The final configuration that we consider is the midpoint-source (MPS) protocol following Ref. [16] . In addition to the two nodes, this protocol requires an entangled-photon source (which emits pairs of photons with probability p em ) positioned midway between the nodes (Fig. 3) . In this protocol, pairs of entangled photons generated by the photon source are split and one is sent to each of the two nodes. At each of the nodes, a BSM is performed between this photon and a photon generated by the local communication qubit. Entanglement swapping succeeds only if both BSMs succeed (requiring the detection of four photons in total).
Since the successes of the BSMs can be reported to their local nodes immediately, in the case of local failure the nodes can quickly proceed to a new entanglement generation attempt. In this way the entanglement attempt rate can be significantly increased. The attempt rate is upper bounded by r MPS ≤ t −1 eg , where t eg is the duration of the spin-photon entanglement generation.
This upper bound is saturated if the number of successful local BSMs per communication time t c , n = p BSM t c /t eg ≈ (1/2)p em η t c /t eg , satisfies n 1. In this limit the protocol can be effectively run with a single qubit per node, and the rate is therefore insensitive to the swap gate time t sg . When operating the MPS protocol in this low n regime, the entanglement success rate is given by
where the factor of 1/4 arises because both BSMs must succeed in the same round, and η includes the system losses for both the photon from the entangled photon source and the locally generated photon. This scaling is different to that identified in Ref. 16 since, for the system parameters that we consider, t eg is not small enough to ensure that the expected number of successes n per communication time t c approaches unity. As shown in Fig 5, for a shorter t eg , the network could leave this low-success-probability regime. If the attempt rate is high enough to ensure that at least one attempt succeeds locally per t c , the overall entanglement success rate will only primarily depend on whether there was a simultaneous success at the other node; the scaling is thus effectively proportional to η, which is the scaling described in Ref. 16 . However, achieving this limit clearly requires a shorter t eg as the loss (1-η) increases.
For n ∼ 1, the inclusion of additional memory qubits becomes beneficial to prevent idle time. In this case, after a local success, the communication qubit state is swapped to a memory qubit. This swapping operation therefore prevents the node from performing further entanglement generation attempts during a time t sg , limiting the overall attempt rate.
II. MODELLING
We model each of the protocols described in the previous section with an approximate analytical approach as well as with Monte Carlo simulations. We use system parameters that are expected to be achievable for NVs and trapped ions in the near term (Tab. I). The outcoupling efficiency of the NV centre is assumed to benefit from coupling to an optical cavity (with outcoupling efficiency p out = 0.3), and emitted photons are assumed to be frequency-converted to telecom-wavelength photons with efficiency p fc = 0.3. Fiber losses are therefore limited to standard telecom values of α = 0.2 dB/km. Hence the overall system transmission efficiency is given by η = p out p fc 10 −αd/20 where the last term corresponds to the fiber losses over a distance of d/2.
It is as yet unclear how much progress will be made in the near term in overcoming the technical challenges necessary to demonstrate an entangled-photon-source with a high brightness and with spectral properties that are well-matched to the node emission. We therefore consider two possible values for p em (0.1 and 0.01), taking 0.01 to be more technically feasible [23, 24] .
TABLE I. Anticipated near-term parameters for a quantum network based on NV centers [13, 17, 25, 26] . These parameters are also anticipated to be achievable using trapped ions [2] . 
A. Scaling with distance
The modelled dependency of the entangling rate on the node separation is shown in Fig. 4 . As expected from Section I, the scaling with distance is most favorable for the mEPL protocol (R mEPL ∼ 10 −αd/20 d −1 ), whereas the BK protocol scales worst (R mBK ∼ 10 −αd/10 d −1 ). Even for an MPS protocol with an extremely efficient source (p em = 0.1), the mEPL protocol outperforms it for distances greater than ∼ 100 km since R MPS scales less favourably with distance as R MPS ∼ 10 −αd/10 .
In Fig. 5 we justify our claim that the MPS protocol will not benefit from more than a single qubit per node. We plot the expected number of successful BSMs n during the communication time as a function of distance, and observe that for our network parameters this stays well below one even for the case of a very efficient source (p em = 0.1). Table I . Plotted lines give the results of our analytical model while the circles give equivalent Monte Carlo simulation data. Although two qubits are available to the system, the MPS protocol is always found to be in the low success probability regime (n < 1), in which only one qubit is required. For distances to the left of the red vertical dashed line the memory storage time tsg is larger than the communication time tc. In this regime it is optimal to use only one qubit for the mBK scheme. As the mEPL-scheme requires one memory qubit to store the first generated state in the second part of the protocol, for all distances both qubits are actively employed. The error bars associated with the Monte Carlo simulations are smaller than the plotted circles. 
B. Scaling with number of memories
Notably, for these near-term parameters, scaling up to a large number of qubits per node does not speed up the entanglement rate. As previously noted, the MPS protocol always operates in the low success probability regime in which only the communication qubit is actively used. For the mBK and mEPL protocols, the duration of the swap gate significantly limits the number of qubits per node that can be used over relevant node separations. We investigate the rate dependency of the mEPL protocol on the number of memory qubits in Fig. 6 for a fixed node separation of d = 50 km and a varying swap gate duration t sg . For t sg t c the rate scales linearly with the number of qubits. However, as explained in Section I, once N t sg ≈ t c is reached, adding more memory qubits does not boost the entangling rate. An initial linear scaling of the rate with the total number of qubits is observed, as predicted by Equation (2) . The rate increases only up to Nmax = tc/tsg + 1, beyond which there is no further benefit. This rate saturation occurs over the addition of two qubits. This is because, while generating the second entangled state in the mEPL protocol, one memory qubit is always occupied by the first generated state. The addition of a further memory qubit beyond N = tc/tsg therefore ensures that there are tc/tsg qubits available for entanglement generation during both phases. However, this memory qubit is only used for the second state generation and so does not contribute as much as previous qubits. Error bars associated with the Monte Carlo simulations are smaller than the plotted circles.
III. CONCLUSIONS
Our analysis highlights the potential of multiplexed distillation-based schemes to provide high rates of remote entanglement generation and the most favourable scaling with respect to losses. For such schemes, we have identified the swap gate time t sg between the communication and the memory qubits as the key parameter in constraining the achievable entanglement generation rate, as this limits the number of quantum memories that can be used. This highlights the importance of developing methods to increase this storage rate while ensuring that memories remain robust to decoherence. One promising approach for nitrogen-vacancy centre nodes may be to use pairs of strongly coupled carbons to encode quantum memories in decoherence protected subspaces that combine rapid gates (due to their strong coupling) with long memory lifetimes [18] .
We find that the midpoint-source protocol has a different dependence on the system parameters, with its performance only weakly constrained by the memory storage time. However, its increased sensitivity to losses hinders its performance over long distances. In addition, there is considerable uncertainty in the projected performance of entangled-pair sources in the near-term, particularly with regard to the source brightness. Until brightnesses on the order of 0.1 per attempt can be achieved, our analysis suggests that these schemes will not perform as effectively as the multiplexed distillation-based protocols.
